ABSTRACT. The two-regional five dimensional model describing the development of income, capital stock and money stock, which was introduced by
Introduction
T. A s a d a , T. I n a b a and T. M i s a w a developed and studied in [2] a two regional model of business cycles with fixed exchange rates, which consists of five dimensional discrete time system. T. A s a d a introduced and analysed in [1] the continuous time version of this model describing the dynamic interaction of two regions which are connected through interregional trade and interregional capital movement. In the whole paper we preserve the notations of [1] with minor changes.Ẏ
where
< 0,
and the subscript i, i = 1, 2, is the index number of a region. The meanings of symbols in (1) and (2) are as follows: Y i -real regional income, K i --real physical capital stock, M i -nominal money stock, L i -money demand, C i -consumption, T i -taxes, I i -net real private investment expenditure on physical capital, G i -real government expenditure (fixed), p i -price level, r i --nominal rate of interest, E-exchange rate, E e -expected exchange rate, J i --balance of current account (net export) in real terms, Q i -capital account in real terms (net capital inflow), A i -total balance of payments in real terms, α i -adjustment speed in goods market and β-degree of capital mobility.
In this paper we assume as well as A s a d a in [1] fixed price economy with fixed exchange rates. Therefore we can suppose, normalizing the price levels of two regions, that
Further we suppose that nominal interest rate r i , i = 1, 2, adjusts instantaneously to keep money stock M i and money demand L i in equilibrium. Under these assumptions taking into account (2) and supposing that r i is implicitly determined by the relations
In the whole article we suppose that: 
Remark 1º
The analysis of the existence of an equilibrium of model (3) was performed by A s a d a in [1] . The requirement on the functions in (3) to be of type C 6 with respect to Y i enables to transform model (3) to its partial normal form on invariant surface and to use theorem on the existence of closed cycles (see, e.g., [4 
]).
A s a d a found in [1] sufficient conditions for local stability and instability of the equilibrium point. He also discussed the existence of closed orbits around the equilibrium. His results about stability enabled him to give verbal reasons for the existence of such a value α 10 of parameter α 1 at an arbitrary fixed value β 0 of parameter β and a sufficiently small fixed value α 20 of parameter α 2 , that the linear approximation matrix of the model has at the triple (α 10 , α 20 , β 0 ) either one pair of pure imaginary eigenvalues and three eigenvalues with negative real parts (Case 1) or two pairs of pure imaginary eigenvalues and one negative eigenvalue (Case 2). A s a d a came to a conclusion that in the Case 1 the existence of such a value α 10 guarantees the existence of closed orbits around the equilibrium at some values α 1 which are close enough to the value α 10 . We would like to add to this assertion the following. The existence of a triple (α 10 , α 20 , β 0 ) with above mentioned properties does not guarantee in both cases the existence of closed orbits. Its existence is only necessary condition for the arising of closed orbits. If they arise or not at some value α 1 from a small neighbourhood of the value α 10 , it depends on the smoothness of the functions in the model and on the types of the first nonzero resonant coefficients in the normal form of the model.
In the present paper the question of the existence of a triple (α 10 , α 20 , β 0 ) at which the linear approximation matrix of model (3) has at the equilibrium one pair of purely imaginary eigenvalues and three eigenvalues with negative real parts is treated analytically. Theorem 1 gives sufficient conditions for the existence of such a triple. Theorem 2 says about the existence of business cycles under the assumption of the existence of the bifurcation equation of model (3).
The analysis of model (3)
Let us write model (3) in the shorten forṁ 
Its Taylor expansion at y = 0 giveṡ
where Y (y; α 1 , α 2 , β) = O y 2 and the linear approximation matrix
∂r 2 ∂M 2 < 0,
while all derivatives are evaluated at the equilibrium ξ 0 .
××ÙÑÔØ ÓÒ 1º As in [1] we assume that the values of
are so large that G 11 > 0 and G 33 > 0 at the equilibrium ξ 0 .
××ÙÑÔØ ÓÒ 2º Parameter β can be considered arbitrary large comparing its value with the values of parameters α 1 and α 2 .
Remark 2º Assumption 1 coincides with the standard hypothesis of Kaldorian business cycle model (see [5] ). This assumption automatically implies that F 21 > 0 and F 43 > 0. Assumption 2 also coincides with economic theory. 
On the base of Assumption 2 we will arrange the coefficients of characteristic equation (6) as polynomials with respect to parameter β, expressing explicitly only their terms of the highest order. In these relations we use the following notations:
The coefficients a j (α 1 , α 2 , β), j = 1, 2, 3, 4, 5, are given by the relations:
where f j (α 1 , α 2 ), j = 1, 2, 3, 4, are polynomials with respect to parameters α 1 , α 2 not higher order than two.
The following theorem gives sufficient conditions for the existence of a critical triple of model (4). Before the proof of Theorem 1 several lemmas will be introduced. First we use the following lemma from [6] .
Ä ÑÑ 1º Characteristic equation (6) has a pair of pure imaginary eigenvalues λ 1,2 = ±iω and three roots λ j , j = 3, 4, 5, with a negative real part if and only if
where a j = a j (α 1 , α 2 , β), j = 1, 2, . . . , 5 are the coefficients of equation (6) .
Using the form of a j from (7) we can express Δ j , j = 1, 2, 3, 4, as follows:
+ g 3 (α 1 , α 2 , β),
where h 3 and h 4 are polynomials with respect to α 1 , α 2 not of higher order than five with the property h j (α 1 , α 2 ) = α 2 h j (α 1 , α 2 ), j = 3, 4, and g j are polynomials with respect to α 1 , α 2 , β with the property
for arbitrary fixed α 1 and α 2 .
Ä ÑÑ
2º If parameter α 2 > 0 is sufficiently small, and parameter β > 0 sufficiently large, then there exists α 1 > 0 such that
We have
So, consider equation
The value of d 6 may be positive or zero or negative. If d 6 = 0, then the root of (11) is
These roots are real, because discriminant D in (12) 
If d 6 > 0, then the roots have different signs, because
In this case 
1 α
In this case
1 , 0, 0 = 0 and ∂F ∂α 1 α
1 , 0, 0 = 0.
By the implicit function theorem there are δ > 0, ε > 0 such that for any α 2 ∈ (0, δ) and γ ∈ (0, δ) equation
1 + ε which depends continuously on α 2 and γ.
The root α 
which is equivalent to
The last inequality is satisfied because
Then we have to prove
Note that
Therefore inequality (13) is equivalent to
and
which is satisfied because
If 2d 2 d 6 − d 11 ≤ 0, then the last inequality is satisfied. In the opposite case it is equivalent to 4d
which is satisfied because Utilizing the results from the bifurcation theory (see, e.g., [4] ) we can formulate the following theorem. 
